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Abstract: 

We study spin chains for superconformal quiver gauge theories in the moduli space of J\f = 2 
orbifolds. Independent of integrability, which is generally broken, we use the centrally extended 
SU(2\2) symmetry of the magnons to fix their dispersion relations and two-body S-matrices, 
as functions of the exactly marginal couplings. 
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1. Introduction 

The spin chain associated to the planar dilation operator of J\f = 4 super- Yang Mills |2[ |j is 
strongly constrained by symmetry. While the structure of the Hamiltonian becomes unwieldy 
beyond one loop, and no closed form is yet in sight, the S-matrix of magnon excitations of the 
infinite chain is a relatively simple object [||, [| g). Assuming integrability (for which there 
is by now strong evidence), the re-body S-matrix factorizes in terms of two-body S-matrices. 
In turn, the full matrix structure of the two-body S-matrix is fixed by Beisert's centrally 
extended S77(2|2) x SU{2\2) symmetry ||. Finally, the overall phase is determined with the 
help of crossing symmetry and plausible physical assumptions J?], ||, |9|, [l0| . 

The centrally extended SU (2|2) symmetry is a general feature of spin chains for N = 2 Ad 
superconformal theories 1 , indeed SU{2\2) is a subgroup of the M = 2 superconformal group 

1 See also [jyj for applications of SU(2\2) to a class theories with 16 supercharges. 
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SU{2,2\2) preserved by the choice of the spin chain vacuum. In this paper we explore the 
consequences of this symmetry in a class of N = 2 SCFTs, the quiver theories related by 
exactly marginal deformations to N = 2 orbifolds of N = 4 super- Yang Mills. 

Unlike the case of M = 4 SYM, only one copy of the SU{2\2) supergroup is preserved, 
while the other is broken to its bosonic subgroup. We show how to fix the dispersion relations 
and two-body S-matrices of the magnons transforming under the surviving SU(2\2) by a 
generalization of Beisert's approach. Since the SU{2\2) representations are now "twisted", the 
generalization is not entirely trivial and leads to interesting functions of the exactly marginal 
couplings. At the orbifold point the magnons are gapless and the spin chain is integrable 
[ |T2] , [13| ] but as we perturb away from it, the magnons acquire a gap, and their two-body 
S-matrices do not satisfy the Yang-Baxter equation. So for general values of the couplings 
the theories are not integrable, and the complete magnon S-matrix cannot be deduced from 
the two-body S-matrix. Nevertheless the dispersion relations and two-body S-matrices are 
interesting pieces of information in their own right, and it is remarkable that one can obtain 
for them all-order expressions. At one-loop, we find agreement with the explicit perturbative 
calculations of 1 14, 15]. At strong 't Hooft coupling, one should be able to compare our field- 
theoretic results with a giant-magnon |16] calculation in the dual string theory, which is a 
deformation of the orbifold background AdS^ x S 5 /T |17, 18 1. 



For ease of notation, in most of the paper we focus on the simplest case, the J\f = 2 
superconformal quiver with SU(N C ) x SU(Nc) gauge group, 2 which is in the moduli space 
of the %2 orbifold of N = 4 SYM. In section || we determine the dispersion relation of the 
bifundamental magnons and in section || their two-body S-matrix. 

Following Berenstein et al. |19|, in section || we re-derive the dispersion relations of the 
twisted magnons from a large N analysis of the quiver matrix model, obtained by quantizing 
the gauge theory on 5 3 x 1 and keeping the zero modes on S* 3 . It is not a priori obvious 
that this approach, which relies on an uncontrolled approximation, should give the same 
answer as the exact algebraic analysis, but it does. This viewpoint gives a simple geometric 
interpretation of dispersion relations, very suggestive of an emergent dual geometry. 

The generalization to Af = 2 orbifolds is straightforward, and we indicate it in section ||. 

In the rest of this introduction we describe the symmetry structure of the Z2-quiver spin 
chain, contrasting it with the J\f = 4 chain. This will serve as an overview of our logic and to 
orient the reader through our notations. 

The superconformal symmetry of J\f = 4 SYM is PSU(2, 2|4). It is broken to PS77(2|2) x 
PSU (2\2) x R, where R is a central generator corresponding to the spin chain Hamiltonian, 
by the choice of the BMN ||20|| vacuum Tr$ J . The magnon excitations on this vacuum are in 
the fundamental representation of the unbroken symmetry, and they are gapless because they 
are the Goldstone modes associated to the broken generators. The PSU(2, 2|4) symmetry 
generators are shown in table [l]. The boxed generators, in the diagonal blocks, are preserved 



2 The two gauge groups are identical, N c = Nc, but we find it useful to always denote with a "check" 
quantities associated to the second gauge group. 
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by the choice of the vacuum while the off-diagonal ones are broken and correspond to the 
magnons. The broken generators are labelled in terms of the corresponding magnons: the 
upper-right block contains the magnon creation operators and the lower-left block the magnon 
annihilation operators. 





SU(2a) 


SU(2j) 


SU(2 a ) 


SU(2j) 


SU(2 & ) 
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D t« 
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SU(2j) 
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Q a , 
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SU{2 i ) 











Table 1: The PSU(2,2\A) symmetry generators. The R-symmetry subgroup SU(4) is represented as 
branched into SU(2j) x SU(2f). We have introduced the notation SU(2 a ) for SU(2) a etc. 

A priori, the two-body magnon S-matrix, decomposed according to the SU(2 a \2j) x 
SU{2 a \2j) quantum numbers, can take the schematic form 

S SU(2 a \2 i )xSU(2 & \2 I ) = S S U(2 a \2 i ) ® S' 1 Si7(2 d |2 I ) + S 'sU(2 a \2 t ) ® Ssi/p^) + ■ ■ ■ ( L1 ) 

As it turns out, the SU(2\2) S-matrix is unique up to an overall phase [||], so one has the 
useful factorization 



S SU(2 a \2 i )xSU(2 A \2 I ) ~ S S U(2 a \2 i ) ® S S U(2 A \2 I ) ■ (!- 2 ) 

The SU(2 a \2j) S-matrix describes the scattering of magnons in the highest weight state of 
SU(2 a \2i), and viceversa. 

The Z 2 projection of N = 4 SYM breaks PSU(2 a ,2 a \4 li ) to SU(2 a , 2 4 |2j) x SU(2 f ). 
At the orbifold point gyM = 9YM the breaking is only global (by boundary conditions on 
the periodic chain), but for general couplings the PSU(2 a , 2 a \4 I j) is truly lost. The sym- 
metry preserved by the spin chain vacuum is SU(2a\2i) x SU(2 a ) x SXJ(2t). Table || lists 
the symmetry generators of the theory, with the broken generators identified as Goldstone 
modes. The Goldstone excitations (gapless magnons) are in the fundamental representation 
of SU{2 a ) x SU(2 & \2i). The {XK , A 6 -} magnons, in the fundamental of SU(2 f ) x S77(2 d |2/), 
are omitted in table || because they do not correspond to broken generators - indeed they 
have a gap for gyM ^ (JYM ■ Their dynamics is the main focus of this paper. 

Here we are using the "orbifold" notation, where the fields are labeled as in J\f = 4 SYM, 
and are 2A r c x 2N C matrices in color space (see equ.( 2.1q )). The state space of the spin 



chain consists of an twisted and and untwisted sector, distinguished by whether or not the 
twist operator r (equ.( ^T3|) ) is inserted on the chain. The two sectors mix for gyM 7^ SlYM- 
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Table 2: The generators of SU(2, 2|2) x 5C/(2j), the symmetry of the 1<i quiver. As before, the 
boxed generator are preserved by the choice of the spin-chain vacuum while the other correspond to 
Goldstone excitations. 



In particular the symmetry generators and the central charges acquire twisted components, 
see (|2l8j |2T9| ). 

The scattering of any two magnons (gapless or gapped) is given by a factorized two-body 
S-matrix, 

SsU(2 a )xSU(2 } )xSU(2 & \2 I ) = SsU(2 a )xSU(2 f ) ® SsU{2 & \2r) ■ (1-3) 

The 5 , 5[/(2 d |2 / ) S-matrix describes the scattering of magnons in the highest weight of SU(2 a ) x 
SU(2j). It has both an untwisted and a twisted component, schematically 

Ssu(2 & \2 X ) \X1X2) = S l \X X X 2 ) + S T \X x X 2 r) . (1.4) 

The centrally extended SU{2\2) symmetry will fix both components uniquely, up to the usual 
phase ambiguity. 



2. Magnon Dispersion Relations 
2.1 Review: M = 4 magnons 

The field content of M = 4 super Yang-Mills consists of the gauge field A^, four Weyl spinors 
and six real scalars X 1 , where A = 1, ... 4 and i = 1, . . . 6 are indices labelling fundamental 
and antisymmetric self-dual representation of the SU{Aa) R-symmetry group respectively. 
Under U(l) r x SU(2i)r x SU^f)^ C SU(4a), the scalars branch into one complex scalar <J>, 
charged under U(l) r , and SU(2j)ji x SU(2^)l bifundamental scalars X 11 , with zero U(l) r 
charge, satisfying the reality condition X 11 * = —e IJ e IJ X JJ . The fermions decompose as A^ 
and A^. The Af = 2 supersymmetry organizes , A^ , 3> into a vector multiplet and X 11 ^^ 
into a hypermultiplet. 

For defmiteness we focus on the "right-handed" magnons, in the fundamental of SU (2^2/) 
and in the highest- weight state of of SU(2 a \2j), 

X 1 - = X 1 , A ^ = A" . (2.1) 
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Beisert determined the magnon dispersion relation from symmetry arguments, as we now 
review. The non-zero commutation relations of the SU(2\2) generators are: 

[n I J ,J K ]=Sfj I - 1 -S I J J K 

where J represents any generator with the appropriate index. The central charge C is related 
to the scaling dimension as C = |(A — |r|). The impurities (X x , X a ) transform in the funda- 
mental representation of SU(2\2), and closure of the algebra fixes C = |, corresponding to the 
canonical dimensions A = 1 and A = | for X and A. Consider now a magnon of momentum 
P, 

oo 

m = E e*i*(o>. ^ 

l=— oo 

For p / 0, the state acquires a non- vanishing anomalous dimension, so C / |, but the 
representation remains short, as there are no other degrees of freedom with which it could 
combine to become long. This is in conflict with the SU(2\2) algebra. The resolution is to 
allow for a further central extension by momentum-dependent central charges V and /C, 

{Q%Q^ J } = e^e IJ V, {S 1 ^ Sp = e IJ e . (2.3) 

The most general action of the generators in the excitation picture is : 

Q%\X 3 ) = a<5/|A d ) (2.4) 
Q°|A^) = be^e u \X J <S> + ) 
Si\X J ) = ce IJ e. $ \X^-) 

si\\p) = dsiix 1 ) , 

which implies 

V\X) = ab\X$> + ) (2.5) 
K\X) = cd\X$-) . (2.6) 
C\X) = ^{ad + bc)\X). (2.7) 
Closure of the algebra requires ad — be = 1 . We can then formally solve 

C = -VTT4PJC. (2.8) 

For a quick heuristic derivation of the central charges, we can proceed as follows. The 
supersymmetry transformations of the fields appearing in the Lagrangian, 

Q°jX K = <Sf A* 

n P \d Ja g fa L 
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where W = "^Tr X II <&X I ^ is the superpotential of M = 4 super Yang-Mills. The coupling g 
is the square root of the 't Hooft coupling, normalized as 



9 



9ym N c 
8vr 2 



(2.9) 



These susy transformations lead to the anticommutators 



V2 



9 J*e„[*,X K ] 



Using the fact that momentum eigenstates satisfy 

\$±X) = e Tip \X$ ± ), 
we can realize the susy transformation laws on the spin chain as 

{Q^,Q P j}\X) = e^e u V\X) = e^e,.j-^(e- ip -l)\X<\>- 



V2 



(2.10) 



(2.11) 



implying ab = -^|(e tp — 1). Similarly using {5,5}, we can obtain cd = -^(e* p — 1)- Finally, 
from (EJ), 



A 



2C 



1 + 8g 2 sin 2 - . 
y 2 



(2.12) 



This derivation 3 is only heuristic because of the assumption that the susy transformations in 
the excitation picture can be simply read off from the classical Lagrangian. In ||, Beisert used 
a purely algebraic method to determine the central charges, as we review in appendix [A|. The 
algebraic method confirms the form ( p. 12 ), but with g 2 a priori replaced by a renormalized 
coupling g 2 = g 2 + 0(g i ). There is strong evidence that in J\f = 4 SYM g 2 = g 2 . In the ABJM 



theory |g2| one can run an identical argument, but the coupling is renormalized |23, 24, 25]. 



See 1 26, 27] for discussions of this issue. 



2.2 The 2,2 orbifold and its deformation 

The 1,2 orbifold theory is the well known quiver gauge theory living on the worldvolume of 
D3 branes probing M 2 x M 4 /Z2 singularity. It is obtained from M = 4 super Yang-Mills by 
projecting onto the Z2 C SU(2)l invariant states. The Z2 action identifies X — > —X 11 while 
acting trivially on <3?. The supersymmetry is broken to J\f = 2 as the supercharges with SU (2) l 
indices are projected out. The SU{A) R symmetry group is broken to SU (2)rxSO(3)l xU(l) r . 
SU(2)r x U(l) r is the R symmetry group of the N = 2 theory while SO(3)l is a global 
symmetry. In color space, we start with SU(2N C ) gauge group and declare the nontrivial 
element of the orbifold to be 

' c x7V c 

(2.13) 

— IjVgxTVg 



V 



The first field-theoretic argument for the square-root form (2.12) was given in pfl 
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It acts on the fields of N = 4 SYM as 



A, 



tA^t, <E> — > r$r, 



tA 7 t, 



A 7 -»• -tA 7 t. (2.14) 



The components that survive the projection are 









U) 


, A 7 = 




\ 



















(2.15) 



X 



n 



' ^ 



g 77 o 



A 7 = 



/ 



o v 7 
^ 7 o 



The orbifold theory has an untwisted sector of states, which descend by projection from 
N = 4, and a twisted sector of states, characterized by the presence of one insertion of the 
twist operator r in the color trace. We refer to this presentation of the theory (in terms of 
2N C x 2N C matrices) as the "orbifold basis". 

Equivalently, we can present the theory as an N = 2 quiver gauge theory with prod- 
uct gauge group SU(N C ) x SU(Nc) and two bifundamental hypermultiplets: (^jA 7 ,^) and 
(^4 M , A, 0) are the two vector multiplets while {Q n and {Q n are the two hypermul- 
tiplets transforming respectively in the N c x Ng and N c x Ng representations. 

The two gauge couplings g and g are exactly marginal. For g / g the superpotential 
acquires a twisted term, 



W 



where 



G = y/g§, 



9 

K = — . 

9 



(2.16) 
(2.17) 



In the quiver language, 



W 



j=Tr Q l! cf>Q l} + j=Q»< 



■li 



G_ J_ 

y/2 r 



= -^=(Tr 4=Q 7/ </,Q 7| + ^Q lf ^Q lf ) . 



2.3 Twisted magnons 



As we have explained in the introduction, the magnons of the Z2 theory fall into two classes: 
Goldstone magnons associated with the broken generators, carrying an a index, and magnons 
not associated with symmetries, carrying a / index. Both types are in the fundamental 
representation of SU(2a\2i)- The algebraic analysis for the Goldstone magnons is exactly as 
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in J\f = 4 SYM, so they obey the same dispersion relation. On the other hand, the non- 
Goldstone magnons transform in a "twisted" representation of the SU(2\2) superalgebra, 

Q<}\X J ) = a 5j\\°) +ai<5/|rA d ) (2.18) 
Q°|A^) = b e^e IJ \X J <l> + ) + b l e^e IJ \TX J <S> + ) 
Si\X J ) = c e IJ eJX^-} + Cl e IJ e. $ \r\^~) 

S I & \^) = d 6i\X I )+d 1 si\rX I ) 

One then finds for the central charges: 

V\X) = (a b + oi6i)|^*+) + (0061 + a^rX^) (2.19) 
K\X) = (cod + cidx)|^$-) + (c d! + Cl d )\rX^-) 

C\X) = [^{a d + b c ) + -(aid! + b lCl )]\X) 
+ i^( a odi + b ci) + ^{aid + biCo)]\rX) . 

Using the supersymmetry transformations following from the deformed superpotential ( 2.16|) , 
a little calculation gives 

a b + axh = 4=^(4= + V^)(e~ ip - 1) (2.20) 

V2 2 yjK 

Gil — 
a h + ai b = -t=-(^= - v^)(e" ip + 1) 
V2 2 V K 

Gil _ 
c d + cidi = -7=^^= + \/^)(e ip - 1) 
V2 2 y k 

Gil — 

c di + cid = -^2^7« ~ + V ■ 

We can then read off the central charges 



G = ^(a d + b c ) + ^(a^ + b lCl ) = ^yl + SG 2 (^sin 2 | + ^(^ - -J=) 2 

Ci = ^(oodi + &oci) + -(oido + &iQ)) = . 

It is illuminating to repeat the exercise in the quiver basis, as it will give us the dispersion 
relation of the perhaps more "physical" bifundamental excitations that interpolate between 
the TV 4> J and Trcf) J vacua. In the quiver basis, the (X, A) doublet splits into two doublets, 
(Q, ip) and (Q, ip). Let us call these two fundamental SU(2\2) representations V and V. The 
action of the algebra A : V — > V and A : V — > V is given in table |3| 

The a, b, c, d coefficients in this basis are related to the coefficients in the orbifold basis as 
a = do + d, a = ao — a\ and so on. One easily finds 

C p~ ip C 1 

ab= -^=(1— - ^) = P db = -^(e- ip ^-^) = P (2.21) 

V2 V K V2 Vk 
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Q»\QJ) = a5j\^) 


Q/IQ J ) 


= a<5/|V^) 


s~\r\ \ i R\ 7 rvR I T 7 -4-\ 

Q a j\ipP} = be a/:l e I j\Q J 4> + } 




7 rv f\ i P\ 7 i -4- 

= be ap e I j\Q J (l) + 


Si\Q J ) = ce IJ e.^^) 


si\Q J ) 


= ce IJ e.^4>- 






= dsilQ 1 ). 


Table 3: Representation of the 


magnons 


n the quiver basis. 



cd = ^-(-—-^) = K cd= -^(e +ip ^- -=) = K. 

Finally the dispersion relations for (Q, ip) and (Q.ip) are 



(2.22) 



A - \r\ = 2C = Vl + 4PK = J 1 + 8G 2 (^sin 2 | + - -^=) 2 ) 

A - |r| = 2C = + 4PK = Wl + 8G 2 (^sin 2 | + - -L) 2 ^) . (2.23) 

Recall the definitions G = \fgg, k = g/g. As expected, the non-Goldstone magnons acquire a 
gap for g ^ g. The derivation of the dispersion relation just presented suffers from the same 
criticism as the derivation in the N = 4 case: a priori we should allow for renormalization of 
the gauge couplings. A purely algebraic method for determining V and /C, along the lines of 
||, is described in the appendix [A|, and confirms this expectation. From symmetry alone, one 
can only conclude that both dispersion relations take the form 



2C7 = 2C7 = ^1 + 2(g - g) 2 + 8gg sin 2 | (2.24) 

where g(g,g) = g + . . . and g(g,g) =§ + ... are a priori renormalized couplings. (Of course 
such renormalization is known to not occur at the orbifold point g = g.) This issue also 
affects the forthcoming expressions for the S-matrix: the couplings g and g could in principle 
be replaced by g and g. The expansion of ( 2.24j ) agrees at one- loop with the result of [Q. It 
will be interesting to test it at higher orders. 



3. Two-body S-matrix 

The scattering problem is formulated on the infinite spin chain. The scattering of two Gold- 
stone magnons is uninteresting, since the matrix structure of their two-body S-matrix is exactly 
as in J\f = 4 SYM. We will focus on the scattering of two "non-Goldstone" magnons, both in 
the highest weight of SU(2j). The scattering of a Goldstone and a non-Goldstone magnon is 
also non-trivial, and could be studied by the same methods. 
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In the quiver basis, because of the index structure of the impurities, one of the non- 
Goldstone magnons must be from the Q multiplet and the other from the Q multiplet. Their 
ordering is fixed, we can have Q type magnons always on left of Q type ones, or viceversa. 
The scattering is pure reflection. For the case of Q type magnon on the left of Q type magnon, 
the schematic asymptotic form of the two body wavefunction is 

(e^i-MP**" + S(p 2 , Pl )e ip2X ^ X2 )\ . . . <£Q(xi)<£ . . . 0Q(x 2 )</> . . .). (3.1) 

This is the definition of the two body S matrix S(pi,p 2 ). We dropped the SU(2\2) indices of 
the excitations for clarity. Similarly, for the other case where Q is on the right side of Q, the 
aymptotic form of the wavefunction is 

( e *Pi*i-M»* a + S(p 2 , Pl )e ip2X1+ipiX2 )\ . . . 0QOn)0 . . . ( /)Q(x 2 )^ . . .) (3.2) 

which defines S. The two-body S matrices S and S are related by exchanging g f-> g, 

S(pi,P2 m ,g,g) = S{p 1 ,p 2 ;g,g). (3.3) 
For this reason, without loss of generality, we restrict our analysis to finding S(pi,p 2 ). 
3.1 Rapidity variables 

Following Beisert, a preliminary step is to solve for the coefficients a, 6, c, d and a, b, c, d ap- 
pearing in the magnon representation (table ^) in terms of convenient rapidity variables. 
For the representation coefficients of the Q multiplet, we write 

a = 7, b = — {x + ^Tk - ^-=), c=-^=-^, d = - — {^-= - x~ ^/k) (3.4) 
yJ2^x + V K \2x 7' V K 



The relative factor between 7 and 7' corresponds to relative rescalings of the fields Q and tp 
and affects the S matrix as an overall phase. We choose 7 = 7'. 
For the Q coefficients, we write 

a = 7, b = — ^^4r(^p - x~V*>), c = -^L-^-, d = -^(x + ^/k - (3.5) 
V2 7^ V K V2x 7 yjK 



Both pairs of rapidity variables obey = I_ = e «P, For hermitian representations we have 
to choose 

| 7 | = 1^-^-^)11/2, |^| = _ x+v^)| 1/2 - (3.6) 



The closure of the algebra requires ad — bc= 1 and ad — be = 1 i.e. 



X + _ c 1 y/a 

~r~ x v K + T(TT -) 

VK 2 X + y/K X 



^->+^(^-^V) 

' K 2 X + X \/K 
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The central charges are then 



„ 1 G , 1 .x + . _ r- 1 

C = - + (—— ^ -) = -l—= + IX s/K-- 

2 2 x + yjn x vk 2 



~ 1 G 2 y/K 1 > ._+ /-..ac 1 
2 2 2+ X x/K \/K 2 



Although the expressions for the central charges (^anomalous dimensions) of Q and Q look 
different in terms of rapidity variables x and x, they are in fact equal (by construction) as 
functions of the momenta. 



3.2 The S-matrix 

The S-matrix S is an operator 

and similarly 



S : V ®V ®V (3.7) 



S : V®V ®V . (3.8) 
The SU(2\2) algebra acts on V <8> V as follows, 

A(v xv) = (Av) xv + (-1) FaFv v x (Av) , (3.9) 

where A is an element of the algebra, v, v vectors in V and V, and F the fermion number. 
To guarantee the SU(2\2) symmetry of the S-matrix we simply need to impose the matrix 
equation [A, S] = 0. This is sufficient to determine S up to an overall phase. 
Following ||, we parametrize the S-matrix as 

S\Q[Q J 2 ) = A\<$Q$ ) + B\Q^Q( ] ) + ±Ce IJ e d/ #f $V > 
S\tf$) = D\4^ } )+E\^ ] ) + \Fe^e IJ \Q{QU+) 
S\Q{$) = G\4Q{) + H\Ql$) 

S\^Q() = K\^Q{) + L\Q J 2 ^t). (3.10) 



The linear constraints obeyed by the S-matrix are listed in equ.( |B,9D . Below we give the 
solution for the components A, B, C, G, H, K, L. The solution for B, D and E involve 



lengthier expressions - they can be readily obtained from equ.(B.9) with Mathematical help. 



I v ' rf V' ' • v » 

X \ ) (3.11) 

rf rf rf rf ' 

1 2 2 1 

t—2 ry> rf \ rf I ry* I tr* ( O /y» /y» I .y* I /y» I /y» I ^ y» I nf I ^ \ 

j j — ti- ^ ju ry L*"^ 2 ' L \ ^ 9 1 2 1 2 V 1 ~ 2 / / 

+ ry> Z' O /y* I /y* I ( np nf ' I rf I ry» I /y» ^ ^ 

\£X l X 2 V x l x 2 ' x 2 \ x 2 x l // 

+x 2 (-2x\x^x\ + kx\(2x\x^ - x+(x{ + x£))))]/ 

i>~ /y» I rf I ry* /y» ^ rf rf I ^ / /y* /y* /y* I ry* I ^ 

a, a.- ^ ay 2 *^ ]_ V 2 1 /V 1 2 1 2 / 
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C = 2v / 27i72X 1 x 2 + x^) — x^x^(x 2 + xf))/ 

KC* ry ry ( ry ry ' \ ( ry ry r Y* T* ^ 

v..* a | a 2 \"^2 1 /\ 1 2 1 2 / 

^ _ 72 X 2 X~2 ^2 — xf 

«^ ^ i*/q j 2 x 2 ]_ 

<"V_, /-y« ry ry~ I - ry~ I - ry~ ^~ <T* 1" ^ 

71-t-l ^2 x 2 / x l x 2 x 2 x l \ 
-H = +-+ ( = — J 

ry ry ry < ry ' ry ry < 

]Z"~ , \ 2 2 1 2 1 



/"V™ ry ry ry<^ry<^ ry ry 1 

jj^iAj-i *x> 2 / 1 2 1 2 



71^1 x 2 X 2 



r _ 71 x l x 2 / X 2 X 1 X 2 x l x l 



/"Vl rv* ryt /-y* I jTrt I 

/l "^2 ^ 2 

The Yang-Baxter equation fails to hold for g ^ g, as already observed in the one-loop 



result of 1 14 1 . 



One-loop limit 

At one-loop, going back to the momentum representation, the S-matrix simplifies to 

1 + e ^ 1+i P 2 - 2ne i P 2 

A = E = — 3.12) 

1 + e ipi+iP2 - 2ne l Pi 

B = D = -1 

C = F = 

_ 4e ipi - e^ 2 ) 



H = K = — 



1 + e ipi+jp 2 _ 2Ke*Pi 
1 + e^i+^P 2 - 2ne^ 



The S-matrix 5 for QQ scattering is given by sending k — > - in the above expressions. 

The bosonic and fermionic impurities do not mix at one-loop. The Q Q S-matrix agrees 
with the explicit perturbative calculation of ||14|| . The fermion S-matrix has also been success- 



fully checked against one- loop perturbation theory |15|. 



All-loops at k = 

For k = 0, the all-loop S matrix at k = in the QQ channel is rather trivial, 



A = 


E 




1 


B = 


D 




1 


C = 


F 


= 




G = 


L 


= 




H = 


K 




-1 



(3.13) 



This is intuitively clear: the Q and Q impurities are separated by adjoint fields in the "checked" 
vector multiplet, which decouples in the limit K — >• 0. 
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On the other hand, in the QQ scattering sector the scattering retains a a non-trivial 
dependence on the coupling (now the impurities are separated by the interacting fields of the 
"unchecked" vector multiplet), 

A = -e*&*-PO D = -l 

B = -e^-w)(cos(pi - pa) - E = -(cosfa - p 2 ) + i^^^i) 

G = i(l - e^Pa-Pi)) L = |(1 - e^ 2 ^ 1 )) 

fl" = -|(1 + e^ 2 "^) K = -i(l + e^ 2 -^)) . 

The limit k — > is interesting because the Z2 quiver theory reduces to N = 2 supercon- 



formal QCD (plus the decoupled "checked" vector multiplet). We refer to |28, 14] for detailed 
discussions. For k = the global symmetry SU(2j) combines with the second gauge group 
SU(N{.) and there is a symmetry enhancement to the flavor group U(Nf = 2N C ). 

An important question is whether the flavor-singlet sector of the SCQQD spin-chain is 
integrable. We may now look forward to shed new light on this question using the above all- 
loop results. Unfortunately, flavor singlets are in particular SU{2^) singlets, and the methods 
of this paper only allow us to consider scattering of SU(2j) triplets. So our results have no 
direct bearing on the question of integrability of the M = 2 SQCD spin-chain. With this 
caveat, we may nevertheless go ahead and check whether the Yang-Baxter equation holds at 
k = for SU(2 } ) triplets. It doesn't. 4 

4. Emergent Magnons 



In [19 1, following [29], Berenstein et al. reproduced the all-loop magnon dispersion relation 
in = 4 SYM using a simple matrix quantum mechanics. The matrix quantum mechanics 
is obtained by truncating to the lowest modes of SU(N C ) M = 4 SYM on 5 3 . The ground 
state is obtained by minimizing the potential energy, which leads to a model of commuting 
hermitian matrices. The matrix eigenvalues are localized on a five-sphere of radius 5 which 
is naturally identified with the S 5 in the dual background. This gives a simple picture for 
emergent geometry. Each point in the emergent geometry corresponds to an eigenvalue and is 



labelled by an SU(N C ) index. In [3C, [Jl[] the same exercise for orbifolds of Af = 4 SYM shows 
that the ground state of the matrix model is localized on the orbifolded S 5 . 

The excitations of the vacuum obtained by turning on off-diagonal modes of the matrix 
model are interpreted as string bits. They are bilocal in the emergent geometry because they 



4 In it was found that in the scalar sector, at one- loop, the YB equation holds as re — > both for SU{2f) 
triplets and SU(2j) singlets. Only the result for singlets is relevant to the integrability question. 
5 Our normalization for the fields are related to the normalization in |19|| as 4>here = 4>there/V N c . 
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are labelled by two SU(N C ) indices and are visualized as string bits stretching between two 
points (see figure [l]) . An off-diagonal excitation of momentum p is peaked at the configuration 
where the corresponding string bit subtends an angle p at the center. The expectation value 
of their energy precisely reproduces the exact magnon dispersion relation . A very similar 




* 




Figure 1: The left figure shows the string bit corresponding to the off-diagonal excitation (X 1 )^. 
The right figure shows the configuration where the waveftmction of a magnon with momentum p is 
peaked. 



picture for the magnons was obtained in [16] on the dual string side. Moreover, the x\ and 
X2 components of the vector M associated with the magnon were identified with the central 



charges of the SU(2\2) algebra ||T6| 

Mi = - 



(K + P), M 2 



1 

~2i 



(K-P). 



(4.1) 



4.1 Emergent magnons for the Z2 quiver 

Following 1 19 1, we truncate the Z2 quiver theory to its lowest bosonic modes on S 5 , which 
gives us the matrix quantum mechanis 



S = N c I dtTr I ( (A0) 2 + (A^) 2 + (D t Q IIy2 



II\2 



V2Q l! Q 



11 



+ 



r Q II QjiQ JJ Q lJ - l 2 Q"Q ii Q jj Qjj 



] 2 + y/2Q It Q"$4> + #) + Qj i Q II Q I jQ JJ - ^Q I iQ II QjjQ JJ 



(4.2) 



+ V 99 (4Q ' (frQjjfi + h.c.) + —(double - trace). 

\ / iV c 

The mass terms arise due to the conformal couplings of the scalars to curvature of S 3 . The 
eigenvalue distribution of the ground state is same as that of the 7Li orbifold of M = 4 SYM. 
We now excite the off-diagonal mode (Q 11 )?- The linearized theory describing this excitation 
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Figure 2: The figure on the left shows the string bit in the Z2 quiver theory. On the right, the 
wavefunction of the bifundamental magnon Q 11 with momentum p. 

The circle spanned by the eigenvalues of <3? has split into two circles, one spanned by the 
eigenvalues of (j> and the other by eigenvalues of <j>. The radii of the two circles are taken to 
be -^f-^i an d \^^2 res P ec ti veiV ) by normalizing the tension of the string bit to unity. The 
string bit corresponding to a bifundamental excitation stretches from one circle to the other. 
A magnon of momentum p again localizes on the configuration where the string bit subtends 
an angle p at the center. Using (|4.1|) we learn 



P = Xl - ix2 = SL( e -ipJL-^) = K*, (4.3) 
V2 V K 

so the energy of the magnon is 

A - \r\ = ^1 + 8G 2 (sin 2 \ + \{yft- -±=) 2 ) . (4.4) 

The central charges agree precisely with the from obtained earlier from the algebraic method. 6 
It is clear that the adjoint excitations A and D (A and D) are string bits that stretch 
between two points of cp circle (cj) circle). Their dispersion relation coincides with the J\f = 4 
SYM dispersion relation, as clear from the picture. A generic state of the spin chain is shown 
in figure ||. 

6 Of course, as before, there is no guarantee that the couplings do not get renormalized. This caveat is 
all the more obvious in this approach, since integrating out massive modes would generically lead to such a 
renormalization. 
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Figure 3: A state of the spin chain with six magnons. 



At strong 't Hooft coupling, Hofman and Maldacena |16| obtained the dual description 
of an M = 4 magnon as a semiclassical strings rotating on the 5 2 C 5 5 . In LLM coordinates 
this "giant magnon" has precisely the shape of figure |[ The energy of the string was matched 
with the strong coupling limit of the exact magnon dispersion relation. (See also [ [32|] for a 
sigma-model derivation of the SU (2\2) central charges.) The Z2 quiver theory is dual to the 
AdS^ x S 5 /Z,2 background. The ratio of the gauge couplings is related the period of the NSNS 
B-held through the collapsed two-cycle. It must be possible to reproduce the effective picture 
of figure ^ and the associated dispersion relation by studying the giant magnon solution in 
this background. This problem is under investigation | J33| . 

4.2 Bound states 

In addition to the elementary magnons with real momenta, the spectrum of the theory also 
contains bound states at some special complex values of the momenta. A two-magnon bound 
state occurs at the pole of the two-body S-matrix, 

P P 

S(pi,p 2 ) = oo with Pi = — ~iq, P2 = — + iq, q>0. (4.5) 
Since S(p2,Pi) = 1/ S(p\,p2) — > 0, the asymptotic wavefunction becomes 

• r> x \ + x 9 I I 
el p^_^_ g | X2 _ xl |^ 

A bound state has smaller energy than any state in the two particle continuum with the 
same total mometum P. The exact dispersion relation of the bound states in J\f = 4 SYM 



was found in [34| and their S-matrix in [p5| . The two-body S-matrix in the present case 
allows us to determine the bound state dispersion relation. Finding their S-matrix, however, 
would requires the four-body magnon S-matrix, which we cannot determine in the absence of 
integrability. 

Let us first analyze the bound state of Q + (on the left of the chain) and Q + (on the right). 
Their scattering matrix given in equ.( 3,llj ), 



A( Pl , P2 ) = S° 2 ^(°^-^r), (4.7) 
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where is the overall dressing factor which is not determined by symmetries. Clearly there 
is a pole is at 2 ■ We assume that this pole is not cancelled by a zero of the dressing 

factor. Following we define the bound state rapidity variables as 

X + =x+, X-=x 2 . (4.8) 

Remarkably at the pole they obey the relations 

x- 

x+-x- + ?-( 1 L- 1 L) = 2iV- K . 

The bound state dispersion relation can also be expressed completely in terms of X^, 

G 2 , 1 1 , 



C QQ = C 1 + C 2 = l + i 



2^ V A+ X- 



= iy 4 + 8^ s in 2 |. (4.9) 

This dispersion is exactly the same as the one of the two-magnon bound states in N = 4 
SYM. Thus the QQ bound state can be elegantly represented as a string bit of "weight two" 
stretching between two points of the outer circle. The analogous exercise for the QQ bound 
state gives the dispersion relation 



C QQ = y± + 8 9 2 ^ 2 ^. (4.10) 



This bound state is represented as a weight-two string bit stretching between two points of 
the inner circle. 

As we vary the momentum P of the bound state the pole iq moves on the positive 
imaginary axis. For certain values of P where q approaches zero, the bound state is only 
marginally stable. This phenomenon does not occur in M = 4 SYM, the bound states of 
N = 4 are stable for all values of P but this is not the case for the Z2 quiver theory. The 
marginal stability condition q = gives respectively for the QQ and QQ bound states 

P , 1 P , . 

K = cos — and — = cos — (4.11) 

In the latter case, there is no solution which means that QQ bound state is stable for all 
values of the momenta. On the other hand, the QQ bound state on the other hand can decay 



at P = 2arccosK. These conclusions exactly match with results obtained at one loop in [14|. 

Geometrically, there is simple way of understanding the boud state decay, see figure ||. 
As the bound state string bit stretching in the outer circle (which means it is a QQ bound 
state) touches the inner circle, its energy becomes manifestly equal to the sum of the energies 
of the constituents. Vanishing of the binding energy allows the QQ state to decay. Simple 
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Figure 4: The figure on the left represents a QQ bound state at generic momenta. In the middle is 
the marginally stable QQ bound state. From the figure one can easily see that P = 2 arccos k since 
the ratio of the radii of the two circles is n. On the right is a QQ bound state, which is stable for all 
values of momenta. 




Figure 5: The quiver diagram for Af = 2 Z2 orbifold of Af = 4 SYM. It is a circular necklace 
with k nodes, four of which are shown. A vector multiplet (A, A, <f>) is associated to each node and a 
hypermultiplet 1S associated to each edge. 

trigonometry reveals the threshold momentum P = 2 arccos k at this point. From this picture 
it is also immediate to see that the QQ bound state is stable for all values of the momenta. 

As we move around in the parameter space of the quiver gauge theory, at certain codimen- 
sion one "walls", the bound states of the elementary magnons decay. It would be interesting 
to understand bound state decay as a wall-crossing phenomenon in the dual sigma model. 

5. Generalization to orbifolds 

The analysis presented for the Z2 quiver can be extended to a general ADE J\f = 2 orbifold 
of N = 4 SYM. In this section we indicate the generalization for the (marginally deformed) 
orbifolds. The quiver gauge theory describing such an orbifold is shown in figure [|. 
The superpotential at a generic point in the parameter space is 

w = ~j= ^9(i) (Tr<9(i-i,i)0(i)O/(i,i-i) + TrQ/Ci+bO^W^CM+i)) ■ ( 5>1 ) 

i 
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We impose the periodicity condition i + k ~ i on the indices. 

To compute the SU{2\2) central charges for the representation of the magnon we 

evaluate the anticommutator of two supersymmetries, 



sn» nP\r>K , n K 9(i+i) ^ K , . 



(5.2) 



which, on the spin chain, leads to 

{Q?,Q?}|Qf >i+ D> = ^ e/J i=( 5we -^-^ +1) )|Q^ +1) + ) 

=>P = -j=(g ( l ) e- i P-g ii+1) )=lC. 

Interchanging gu\ f-)- gu+x) gives us the central charges of the Q(i+x,i) representation. In both 
cases we get the dispersion relation 



A - |r| = 2C 
Here we have defined 



1 + 8G| M+1) (sin* f + \(^T ) - ^=rj . (5.3) 



G (i,i+l) = ^J9(i)9{i+i) an d K (i,i+i) = (5.4) 

9(i) 

The dispersion relation of the adjoint magnons A^) and Du\ works the same way as N = 4 
and is equal to 

A - |r| = 2C = Jl + 8g^ ) sin 2 |. (5.5) 

The picture presented in section || also generalizes to orbifolds, see figure ^. It consists 
of k concentric circles which are labelled by i, corresponding to the gauge group SU(N c )i. The 
radius of i-th circle is The magnons in the adjoint of the i-th node are represented by 
string bits that stretch between the i-th. circle, while the SU(N)i x SU(N)i + i bifundamental 
magnons correspond to string bits stretching from i-th to i + 1-th circle. The dispersion 
relations of both adjoint and bifundamental magnons is summarized by the simple formula 



A - \r\ = V1 + 4^ 2 (5.6) 

where i is the length of the corresponding string bit. The two-body S-matrix is also fixed by 
the centrally extended SU(2\2) symmetry, and can be obtained by straightforward extension 
of our analysis of the Z2 case. 
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Figure 6: The emergent picture describing orbifold. Only the circles corresponding to i — 1, i, i + 1 
gauge node are shown. We have also shown two magnons, one in the adjoint of SU(N)i and the other 
in the bifundamental of SU(N) t x SU{N) l+1 . 



A. Algebraic constraints on the central charges 
A.l TV = 4 super Yang-Mills 

Let us review the logic used in ||] to constrain the central elements V and K,. The action of 
V on a state with K Af-excitations with momenta p\ , . . . px is 

K K 

V\X x X 2 ...X K )=Y j a k b k J] e- ipi \X 1 X 2 ...X K ^+) (A.l) 
k=l l=k+l 

On a physical state like the one above, the central charge must vanish. Since in the N = 4 
case all the A'-excitations belong to the same (fundamental) representation of SU(2\2), the 
central charge only depends upon the momentum and not on the type of excitation, and the 
only possibility is for the sum in (A.l) to telescope to zero on physical states, 

ai bi = a{e~ in - 1) = P (A.2) 

with a being an undetermined constant. Here we use the fact that the total momentum of a 
physical state is zero. A similar exercise for /C gives 

c i d i = P(e i *-l) = K. (A.3) 

On a single-particle state, 

V\X) = a(e ip -l)\X^ + ), K\X) = p{e- ip -1)\X3>-) . (A.4) 
The hermiticity condition translates into a = (3* . Finally 



C = ^l + APK = iyi + Toc^sin 2 !. (A.5) 

2 2 

Comparing with the one loop dispersion relation one finds a/3 = ^- + 0(g 4 ) = 
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A. 2 Z 2 quiver 

A physical state is constructed by having alternating Q and Q type impurities on a periodic 
spin chain. The central charge should vanish on such a state. To determine the central charges 
V and /C as functions of magnon mometum, we follow same steps as before. The action of V 
and /C is 

V\QiQi...Qk-\Qk) 

= (axhie-^ . . . e-**) + 5 2 6 2 ( e "^ . . . e -**) + . . . + ^6 x )|QiQ 2 • • • Qk-iQk<P + ) 
t£\QiQ2 ■ ■ ■ Qk-iQk) 

= (ddiCe* 3 • • • <? pK ) + 5 2 d 2 (e ip3 . . . e ip «) + . . . + c K d K )\QiQ2 • • • Qk-iQk^). 
As before, let us define Pi = aj6j, .fQ = Qiij and Pi = afti, Ki = Cidi. Now we impose 

1. Physical state condition: 

V and K, should vanish when the total momentum of the state is zero. 

2. BPS condition: 

A BPS state of the interpolating theory is obtained from a BPS state of the orbifold 
by the substitution (in the one- loop approximation) <fi —> K(j>, K = g/g (see the last 
paragraph of appendix B in fl28|| ). At higher orders we may have a renormalized substi- 
tution (p — > n'<p, k' = g/g with g(g,g) and g(g,g) renormalized couplings. This means 
Q(Q) moving with momentum ihiK 1 (— ilnn') is chiral and we expect that P%Ki (PjiTj) 
should vanish on that state. 

3. Hermiticity: 

K = P* and K = P*. 

From these condition it follows that 

P = a{e- ip -^-Vd), K = a*(e ip -^-V^), 

Vk' V k' 

P = a(e- ip vV--^), K = a*(e ip V^- ' 



({P, K} -f-)- {P, K} is of course also a solution since the conditions above make no intrinsic 
distinction between the Q and Q impurities.) We then have 



C = ^y/l + APK = iWl + l6|a| 2 (sin 2 | + i(V^'--^=)V (A.6) 



C = iv / T+4M = \\h + 16|a| 2 (sin 2 | + - ±=)f . (A.7) 



Comparing with the one-loop dispersion relation | |14| one finds \a\ 2 = ^ = ^ + All in 

all, 

C = C = J I + 2(g - g) 2 + 8gg sin 2 | . (A.8) 
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B. Solving for the S-matrix 

SU (2\1) subsector: Determining A, K, G, H, L 

We first consider the SU(2a\li) subsector, which is closed under scattering. Consider the 
scattering of two bosonic magnons Q + and Q + . Requiring invariance under the supercharge 
we find 

Q\S 12 \Q+Q+) = Q%A 12 \Q+Q+) 

= A 12 a 2 \^Q+) + A 12 a 1 \Q+4>f) 
S 12 Q%\QlQt) = S 12 (aiWQt) + a 2 \Qti>%)) 

= { ai K 12 + a 2 G 12 )\^Qt) + {aiL 12 + a 2 H 12 )\Q+ 4>f)) 

A\ 2 = —K\ 2 H — -G12 

a 2 a 2 

A\ 2 = -^-L\ 2 + -J^Hi 2 . 



More constraints are obtained by imposing invariance under conformal supersymmetries S. 
In this subsector it is sufficient to focus on , 

SlS 12 \QfQt) = A 12 (-c 2 ej4rQt) - he &$ \Qt4>& » 

= A 12 {-c 2 e.^\<t>-4Qi) ~ cie^^^-Qt^)) 
x 2 x 2 x i 

s 12 s+\QiQl) = s 12 (- Cl e.fy4>-4Qt)-c2^^\4>-Qt^ 2 )) 

X-^ X^ X-^ 

= -e. $ (c 1 ^K 12 + c 2 ^G 12 )\cf ) -4Qt) 

X~y 1 

- e a p( Cl %L l2 + c 2 ^H 12 )\d>-Qt^) ■ 

X X 2 X ^ 

This gives another pair of constraints on the coefficients, 

c\x\x x c 2 x 2 x 2 x 1 . . 

Al2 = -— T-fM2 H 3 ,4. + Gl 2 (O.l) 

L Z JU ^ 2 1 

A12 = *^%^L 12 + ^%^^#12 (B.2) 

l 1 j,- 2 tt/ 1^ J,- ^ jl 2 -X' ^ it/ 2 2 

Bosonic singlet: Determining B, C 

To evaluate the B and C matrix elements, we have to study the scattering of two bosons of 
opposite spins. Requiring = is sufficient to determine them. From 

Q + + Si 2 \QtQ 2 ) = Q\[(\a 12 + \b 12 )\Q$QI) + ( l -A l2 - \b 12 )\Q 2 Q+) 
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+ \ci2{\^ti>ir) - \i>2$i<F))\ 

= a 2 (^A 12 + l -B 12 )\^+Q^) + ~a^A l2 - ^B 12 )\Q 2 ^+) 

- b^c^+Qi^r) -b 2 ±c 12 \Q24> + 4>t<t>-) 

= a 2 (^A 12 + l -B 12 )\^Q^) + ~ ai (^A 12 - \b 12 )\Q^+) 

- hlc^+QT) - b 2 \c 12 %\Q^t) 



Si 2 Qi\QfQ 2 ) = S 12ai \i>+Q 2 ) 

= a 1 [K 12 \^+Q-) + L 12 \Q 2 4;+)} 

we find 

A\ 2 + B 12 ~ C12 „ s 
a 2 1_ 2~ = ai 2 

~ A 12 - B 12 x± C12 , m a \ 

ai o 2 -qr— = a x L X2 . (B.4) 

We now turn to the scattering of fermions. 
SU(1\2) Subsector: Determining D 

As before, we first focus on the SU(la\2i) sector and consider the scattering of two fermions 
in the triplet of SU (2)^. This sector will enable us to determine D. We look at the condition 
[Sl,S] = 0. From 

S{S 12 \^t^t) = SiDwW+tt) 

= D 12 d 2 \Qii>+) - D 12 d 1 \il>+Q{) 

S 12 SlWM) = S 12 (d 1 \Q[^+) - d^tQi)) 

= (d x H l2 - d 2 L l2 )\Q{i>t) + (diGi2 - d 2 K 12 )\i>+ Q[) 



we find 

D l2 = ^H 12 - ^L 12 (B.5) 
d 2 d 2 

D 12 = -i-G 12 + tK 12 . (B.6) 
d\ d\ 

A consistent solution needs to satisfy both equations. 
Fermionic singlet: Determining E, F 

To determine the remaining coefficients E and F, we scatter two fermions of opposite spins. 
It is sufficient to require [S+, S] = 0. From 

S+S 12 \^4> 2 ) = S+[(±D 12 + \e 12 )\^^) + {\d 12 - l -E 12 )\^^t) 
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+ \f 12 {\Q+Q^ + ) - \Q 2 Qt<t> + ))} 

= d 2 (^D 12 + l -E l2 )\Q+^) - di(^£)i2 - ^12)^2 Qi") 

+ ^12(ci|Q^r^"^ + > - C 2 |^f0^ + » 
= ^2^12 + ^12 + hFl 2 )\Qi^) 

+ \{~diD 12 + d x E l2 - c 2 ^F 12 )\^Q+) 

= dl(Gl2\lp2~Ql) + H V2\Qti>l)) 



we find 



d 2 ^±^+h^f=d lHl2 (B.7) 
4^-^ = ^. (B.8) 

In summary, a sufficient set of linear equations that determine all the coefficients is: 



A 12 = ^K 12 + ^G 12 (B.9) 
a 2 a 2 

Ai 2 = -J-Li 2 + -^R\ 2 . 

c\x\x x c 2 x\ x 2 x 1 

A\ 2 = -^--1^12 H — , + + Cj-12 

<J- / 2 *^ ]_ ^ 2 2 1 

Cl X 2 X 1 X 1 C 2 x 2 x 1 x 2 x x 
^12 = - — — r L l2 + — — Z+ + -"12 

<-l j,- 2 ^ ^ J,- ^ <--i 2 ^2 1 

ai^i2 = 7^2(^12 + B12) - ^&iCi 2 

1 1 xT 

a\L 12 = -ai(Ai2 - B 12 ) - -zb 2 ^C 12 

£ £ Xy 

D12 = -J-H12 — -J-L12 

d 2 d 2 

D12 = -^-G\ 2 + -J-K12 
diH 12 = ^d 2 (D 12 + E 12 ) + ^ciF 12 
diG 12 = -U^Du - E 12 ) - \c 2 ^F l2 . 
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